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We show that supersymmetry is a simple but powerful tool to exactly solve quantum mechanics
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odic Po¨schl-Teller potential, and to find out the exact energy spectra and the corresponding band
structure.
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I. INTRODUCTION
Schro¨dinger equation is certainly one of the corner-
stones of theoretical physics.1 This equation is the core
equation of quantum mechanics, and it can be consid-
ered as the analogue of Newton’s second law of classical
mechanics. It is the starting point for every quantum me-
chanical system we want to describe: electrons, atoms,
whatever. Thus, the search for exactly solvable and inte-
grable potentials of this equation has a great significance,
because the qualitative understanding of a complicated
realistic system can be acquired by analysing exactly
solvable simplified models that still retain the essential
features of the physical system under investigation. We
point out that by exactly solvable model we mean that
the eigenvalues and eigenfunctions of the Schro¨dinger
equation can be given in an explicit and closed form.2
Several methods and techniques have been developed
during the last decades to exactly solve the Schro¨dinger
equation or to obtain approximate analytical solutions,
with the aim to get better understanding of its dynam-
ical behaviour.3 Despite all the efforts that have been
done, the exact solutions of that equation are limited to
a small set of special potentials such as, for instance, the
ones considered in the well-known problems of the har-
monic oscillator and the hydrogen atom. When periodic
potentials are concerned, the situation is even worse. In-
deed, the general analysis of the electronic levels in a
periodic potential, independently of its form, can be suc-
cessfully carried out only in one dimension. Although the
one dimensional case is in many respects atypical or irrel-
evant, some of the features of the three dimensional band
structure may be described through approximate calcu-
lations emerging from an exact treatment in one dimen-
sion. Also in this case, one is able to carry out an exact
calculation of the allowed and forbidden bands for very
special models as the Dirac comb or the Kronig-Penney
model.4 Thus, it would be valuable to investigate more
general and realistic potentials even though one usually
does this job by approximate methods based on elemen-
tary perturbation theory. Routinely, one considers the
weak and tight binding approximations starting out, in
the first case, with the wave function for a free electron,
and in the other one with the wave function of an electron
bound to an atom.
Recently, the concept of supersymmetry (SUSY) has
been profitably applied to many non-relativistic quantum
mechanical problems, paving a route to enlarge the class
of exactly solvable Schro¨dinger equations.5–10 In partic-
ular, there is now a much deeper understanding of why
Schro¨dinger equation with certain potentials may be an-
alytically solved and several powerful new approximate
methods have been formulated for handling potentials
which are not exactly solvable. In particular, the ex-
act solution of the Schro¨dinger equation for solvable po-
tentials can be understood in terms of few basic ideas
which include supersymmetric partner potentials, shape
invariance and operator transformations.5 For complete-
ness, we notice that standard textbook solvable poten-
tials all exhibit the property of shape invariance.11 In the
case of periodic potentials, the supersymmetric proper-
ties slightly change compared to then strategy adopted
for ordinary potentials,12–14 the main difference being re-
lated to the finiteness of the domain of the potential. In-
deed, in this case the potentials indefinitely repeated, so
that one can try to solve the Schro¨dinger equation con-
sidering potentials whose shape looks more realistic than
the Dirac comb or the Kronig-Penney potential. The
aim of this paper is to present an exact solution of the
Schro¨dinger equation for a periodic Po¨schl-Teller poten-
tial, showing that the SUSY concept turns out an useful
and powerful tool helping us to find out the solution of
this equation.
The paper is organized as follows: we start by introduc-
ing, in Sec. II, the general properties of the SUSY within
the quantum mechanics realm, pointing out important
concepts such as Hamiltonian hierarchy and shape in-
variance. In Sec. III, we present and discuss the ex-
act solution of the Schro¨dinger equation for a periodic
Po¨schl-Teller potential. Sec. IV is devoted to final re-
marks and conclusions.
II. GENERAL PROPERTIES OF SUSY
Let us consider a time independent, one dimensional,
quantum system described by an Hamiltonian H1.
15
Without loss of generality, we can suppose that the
ground state of the system has zero energy.
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2The Schro¨dinger equation for the ground state is
H1ψ0 = − ~
2
2m
d
dx
ψ0 + V1 (x)ψ0 = 0 . (1)
Then, let us suppose that there exist two operators A
and A† that factorize H1, i.e.
H1 = A
†A . (2)
In this case, the following operators
A =
~
2m
d
dx
+W (x) , (3)
A† = − ~
2m
d
dx
+W (x) , (4)
reproduce H1, provided that W (x) is a real function such
that
W 2 (x)− ~
2m
W ′ (x) = V1 (x) . (5)
We notice that, changing the order of A and A†, we get
a new Hamiltonian operator H2
H2 = AA
† ; (6)
H1 and H2 are called supersymmetric partners.
Now, let us discuss the properties of these Hamiltonians.
To this end, in the following we will denote by ψ
(i)
n
(
E
(i)
n
)
the n-th eigenvector (eigenvalue) of the the Hamiltonian
Hi.
First of all, it can be trivially shown that both Hamilto-
nians H1 and H2 admit a set of non-negative eigenvalues.
Indeed,
E(1)n =
〈
ψ(1)n
∣∣∣A†A ∣∣∣ψ(1)n 〉 = ∣∣∣Aψ(1)n ∣∣∣2 ≥ 0 , (7)
and
E(2)n =
〈
ψ(2)n
∣∣∣AA† ∣∣∣ψ(2)n 〉 = ∣∣∣Aψ(2)n ∣∣∣2 ≥ 0 . (8)
Moreover, at most one of the supersymmetric partners
exhibits a normalized zero energy ground state. This
conclusion stems from Eqs.(7-8) and the definition of the
operator A implying that
ψ
(1)
0 (x) = N1exp
{
−
√
2m
~
∫ x
0
W (x˜)dx˜
}
, (9)
ψ
(2)
0 (x) = N2exp
{√
2m
~
∫ x
0
W (x˜)dx˜
}
. (10)
Thus, at least one of the two lowest energy eigenstates is
not normalizable.
Finally, the two Hamiltonians have almost identical en-
ergy spectrum, apart from possibly the zero energy level.
Indeed, applying A
(
A†
)
to an eigenvector of H1 (H2)
one gets an eigenvector of H2 (H1), associated with the
the same eigenvalue:
AA†Aψ(1)n = AE
(1)
n ψ
(1)
n ⇒ H2
(
Aψ(1)n
)
= E(1)n
(
Aψ(1)n
)
(11)
Obviously, this is true unless Aψ
(1)
n is zero.
Therefore, two scenarios are possible: broken and un-
broken SUSY: when the two energy spectra are identical
SUSY is broken, otherwise they differ for the ground state
energy and SUSY is unbroken.
In the case of unbroken SUSY, we can go further fac-
torizing H2 by means of the operator A2 and its adjoint
such that
H2 = A
†
2A2 + E
(2)
0 . (12)
In this way, we may get a new Hamiltonian, as previously
done to define H2:
H3 = A2A
†
2 + E
(2)
0 . (13)
Iterating this procedure we may finally write down Hn
as follows
Hn = A
†
nAn +
n∑
k=1
E
(k)
0 = An−1A
†
n−1 +
n−1∑
k=1
E
(k)
0 . (14)
Summarizing, starting from an Hamiltonian having n
bound states, we can introduce a chain of n Hamilto-
nians such that Hi and Hi+1 have an energy spectrum
almost identical, apart from the absence of the ground
state of Hi+1 within the energy eigenvalues of Hi. This
result is represented in Fig. 1.
From the knowledge of the ground state of Hn, that
can be found using Eq. (9), we can find the n-th excited
state of H1 as follows
ψ(1)n =
1√
E
(1)
1 ...E
(1)
n−1
A†1A
†
2...A
†
n−1ψ
(n)
0 . (15)
FIG. 1: Example of a hierarchy of Hamiltonians when four
Hamiltonians are considered. The orizontal bars represent the
energy levels of the corresponding Hamiltonians Hi.
3The Hamiltonian hierarchy turns out very useful when
the potential term of the Hamiltonian V1 satisfies the
following shape invariance condition:
V2 (x, a1) = V1 (x, a2) + g (a1) . (16)
Here a1 and a2 are parameters or set of parameters re-
lated between them by some link a1 = f (a2). In this case
the quantum mechanical problem can be easily solved.
Indeed, using the following equation
H2 = − ~
2
2m
d2
dx2
+V2(x, a1) = − ~
2
2m
d2
dx2
+V1(x, a2)+g(a1) ,
(17)
one may iterate the procedure, getting the n-th Hamil-
tonian:
Hn = − ~
2
2m
d2
dx2
+ V1(x, an) +
n−1∑
k=1
g(ak) . (18)
We can show that the ground state of Hn is ψ
(1)
0 (x, an),
and its energy is
∑n−1
k=1 g(ak). Indeed,
Hnψ
(1)
0 (x, an) =
(
− ~
2
2m
d2
dx2
+ V1(x, an)
)
ψ
(1)
0 (x, an)︸ ︷︷ ︸
H1(x,an)ψ10(x,an)=0
+
(
n−1∑
k=1
g(ak)
)
ψ
(1)
0 (x, an)
=
(
n−1∑
k=1
g(ak)
)
ψ
(1)
0 (x, an) ,
(19)
trivially proving our claim.
We want to stress that the ground state energy of Hn is
equal to the n-th excited level of H1, implying that the
energy spectrum of H1 is given as follows:
E
(1)
0 = 0 E
(1)
n = E
(n+1)
0 =
n∑
k=1
g(ak) . (20)
Furthermore, we can use Eq.(15) to find out the corre-
sponding eigenstates in the following way:
ψ(1)n (x, a1) =
1√
E
(1)
1 · · · E(1)n
A†(x, a1)A†(x, a2) · · ·A†(x, an)ψ(1)0 (x, an+1) .
(21)
III. EXACT ELECTRONIC BANDS FOR
PERIODIC PO¨SCHL-TELLER POTENTIAL
A. Po¨schl-Teller potential: non periodic case
In this Section we will get the energy spectrum for
periodic Po¨schl and Teller potential. To this end, we will
firstly show how the Schro¨dinger equation may be exactly
solved for non-periodic Po¨schl and Teller potential, and
then, taking advantage from this solution, we will present
the solution for the periodic case.
The Po¨schl and Teller potential is given by
V = −α
2~2
2m
l (l + 1)
cosh2 αx
, (22)
with l ∈ N and α ∈ R. We point out that this potential
has been introduced by Po¨schl and Teller to study the
vibrational spectra of polyatomic molecules.16 For com-
pleteness, we would like to stress that the Schro¨dinger
equation with the potential of Eq.(22) can be exactly
solved also for l ∈ R.17
Although the SUSY allows for an exact solution of the
Schro¨dinger equation only for the special case of integer
values of l, it has the advantage that the solution of this
equation may be easily derived and worked with.
To find out an explicit solution, we start considering a
function W (x) of the form:
W (x) = l
~√
2m
α tanh αx , (23)
with the supersymmetric partners V1 and V2 given by:
V1 =
α2~2
2m
(
l2 − l(l + 1)
cosh2αx
)
, (24)
V2 =
α2~2
2m
(
l2 − (l − 1)l
cosh2αx
)
. (25)
We notice that the shape invariance condition Eq.(16) is
satisfied when a1 = l, a2 = l− 1 and g(l) = α2~22m (2l− 1).
Moreover, since the potential Vl+1 is a constant, the
energy spectrum of V1 is made of l bound states, followed
by a continuum spectrum for energy values greater than
α2~2
2m l
2.
According to Eq.(20) the values of the energy of the
bound states of V1 are obtained as
El,n =
l−(n−1)∑
l˜=l
g(l˜) =
α2~2
2m
(
2nl − n2) for 0 ≤ n < l ,
(26)
4FIG. 2: Shape of one-dimensional periodic Po¨schl-Teller po-
tential. V (x) is measured in units of ~
2
m
= 1, the lattice
constant is a = 2, and we have assumed l = 1 and α = 1.
so that the energy spectrum of V may be easily obtained
shifting this spectrum by −α2~22m l2. Thus, we get
En =
α2~2
2m
(
2nl − n2 − l2) = −α2~2
2m
(n−l)2 for 0 ≤ n < l ,
(27)
while the continuum part of the spectrum is simply
given by non negative energies E > 0.
B. Po¨schl-Teller potential: periodic case
Taking advantage of the results of the previous Section,
we now study the periodic case considering the potential
given in Eq.(22) for the special case l = 1, as plotted
in Fig.2 for a = 2 and α = 1. Looking at the plot, we
may observe that, when the motion of a particle in a
one-dimensional lattice is concerned, its shape appears
more realistic than, for instance, the Dirac comb or the
Kronig-Penney potential.
In this case V is given by
V = −α
2~2
m
1
cosh2 αx
. (28)
To exactly solve the Schro¨dinger equation for this poten-
tial, we first confine the calculation to the interval [−a; a],
and then we apply the Bloch theorem.
As pointed out before, the function W (x) has the form
W (x) =
~√
2m
α tanh αx , (29)
so that we have:
V1 =
α2~2
2m
(
1− 2
cosh2αx
)
, (30)
and
V2 =
α2~2
2m
. (31)
Since the eigenfunction of the model Hamiltonian with
V = V2 are the free particle eigenfunctions, as previously
stated, the eigenfunctions of the model Hamiltonian with
V given in Eq. (28) can be obtained applying to the free
particle eigenfunctions the following operator:
A† =
~√
2m
(
− d
dx
+ α tanh(αx)
)
. (32)
When E > 0 we get
ψ (x, k) ∝− d
dx
φ(x)+
+ α tanh(αx)φ(x) ,
(33)
where
k =
√
2m
~2
E , (34)
and
φ(x) = b cos(kx) + c sin(kx) (35)
are the free particle eigenfunctions.
For E < 0 the eigenfunctions may be easily obtained re-
placing the trigonometric functions with the correspond-
ing hyperbolic ones:
ψ (x, k) ∝− d
dx
[b cosh(kx) + c sinh(kx)] +
+ α tanh(αx) [b cosh(kx) + c sinh(kx)] ,
(36)
where
k =
√
−2m
~2
E . (37)
We want to stress that the normalization constant of the
eigenfunctions is not relevant since the constraints on k,
imposed by the continuity of ψ and its derivative, are
independent of the normalization constant.
Applying the Bloch theorem:
ψ (a) = e2iaγψ (−a) (38)
and considering that
dψ
dx
∣∣∣∣
a
= e2iaγ
dψ
dx
∣∣∣∣
−a
(39)
we may straightforwardly determine the energy bands.
The calculation is quite tedious; details on this procedure
are reported in the Appendix.
To get the energy bands we have to solve the transcen-
dental equation
cos(γa) = f (k, α) , (40)
5FIG. 3: Band structure for l = 1, E > 0, and for α = 2.3
FIG. 4: Band structure for l = 1, E < 0, and α=1, 2, 4, 6
and 8, from left to right.
Let us first discuss the case E > 0 and l = 1.
In Fig.(3) we have plotted the function f (k, α), given in
Eq. (A6), choosing α = 2.3. For this particular choice
of α, we observe some energy gaps in the energy region
where the function f (k, α) is either greater than 1 or
smaller than −1. Moreover, apart from the first gap,
the other forbidden regions are very small and they may
be seen only by zooming in the figure. For complete-
ness, we notice that the shape of the function does not
change significantly varying α, i. e. only the first gap re-
gion may increase or decrease, eventually disappearing,
when α is changed. Besides, we do not observe quali-
tative variations when l increases. In conclusion, even
though the shape of this potential may appear more re-
alistic than, for instance, the Dirac comb, for the latter
the band structure is more rich and the energy band and
the corresponding gaps look more realistic.4
Let us now study the case E < 0.
In Fig.(4) we plot the function f (k, α) for l = 1 and for
different values of the parameter α, namely α=1, 2, 4, 6
and 8.
In this case, as stressed in the previous section for the
non-periodic Po¨schl-Teller potential, the model Hamilto-
nian exhibits only one bound state corresponding to the
energy eigenvalue E = ~
2
2mα
2. When α increases, all the
Po¨schl-Teller wells are separated from each other and the
FIG. 5: Band structure for E < 0, l = 2, and α = 2 (top
panel) and α = 4 (bottom panel).
energy level of the periodic case is almost equal to the
non periodic case leading to k = α. On the other hand,
for small values of α, the potential wells overlap and the
energy levels split into a band. In this case and for l > 1,
the solution of the Schro¨dinger equation would support
more than one band. For instance, for larger values of
l, namely l = 2, we find two different bands as shown in
Fig.(5). Also in this case, the bands are centred at the
value corresponding to the energy level of the non peri-
odic case and, for larger values of α, the bands shrink
into single levels.
IV. CONCLUSIONS
In this paper we have applied a method which, mak-
ing use of SUSY combined with Bloch theorem, allows
to solve the Schro¨dinger equation for a realistic periodic
potential. We have applied this procdure to the peri-
odic Po¨schl-Teller well, explicitly calculating the energy
spectrum and the band structure. We have presented
the results for both positive and negative energies and
we have discussed the results obtained. We point out
that the method we have presented turns out to be very
efficient and flexible so that it may be applied to other
realistic periodic potentials.
We would also like to stress that there are other ways
to apply SUSY to the solution of the Schro¨dinger equa-
6tion in the presence of periodic potentials. Indeed, it is
possible to start from a problem whose band structure is
known and find out another potential having the same
energy spectrum. For instance, it may be easily shown
that the repulsive periodic Dirac comb with Po¨schl-Teller
wells between the Dirac deltas has the same band struc-
ture of an attractive periodic Dirac comb potential.18
This not trivial conclusion may be inferred simply finding
the superpotential that connects the two potentials.
APPENDIX
Let us first consider the case E > 0 and l = 1.
As discussed in the text, we start from the eigenfuntion
ψ (x) as reported in Eq.(33):
ψ (x) = b sin(kx)− c cos(kx) + α tanh(αx)(b cos(kx) + c sin(kx))
k
(A1)
for −a < x < a.
Then, applying the continuity conditions Eqs.(38)-(39)
at x = a for ψ; we get:
α tanh(αa)(b cos(ak) + c sin(ak))
k
+ b sin(ak)− c cos(ak) =
e2iaγ
(
−αtanh(αa)(b cos(ak)− c sin(ak))
k
− b sin(ak)− c cos(ak)
)
,
(A2)
and
α2sech2(aα)(b cos(ak) + c sin(ak))
k
+
α tanh(aα)(ck cos(ak)− bk sin(ak))
k
+
+ bk cos(ak) + ck sin(ak) = e
2iaγ
[
α2sech2(aα)(b cos(ak)− c sin(ak))
k
]
−
− e2iaγ
[
α tanh(aα)(bk sin(ak) + ck cos(ak))
k
+ bk cos(ak)− ck sin(ak)
]
.
(A3)
Solving these two equations for bc we get:
b
c
= − (−1+e
2iaγ)(k cos(ak)−α tanh(aα) sin(ak))
(1+e2iaγ)(α tanh(aα) cos(ak)+k sin(ak))
b
c
=
(1+e2iaγ)(k2 sin(ak)+α2sech2(aα) sin(ak)+αk tanh(aα) cos(ak))
(−1+e2iaγ)(k2 cos(ak)+α2sech2(aα) cos(ak)−αk tanh(aα) sin(ak)) .
(A4)
Assuming that k is measured in units of 1a , equating and
simplifying the RHS we obtain:
ksech
2
(
α
2
){
cos(γ)
(
α
2
+ k
2
)
+ cosh(α)
[
cos(γ)
(
α
2
+ k
2
)
+
+
(
α
2 − k2
)
cos(k) + 2αk tanh
(
α
2
)
sin(k)
]
+
(
−3α2 − k2
)
cos(k)
}
+
+ 16α sinh
4
(
α
2
)
csch
3
(α)
(
α
2
+ k
2
)
sin(k) = 0 .
(A5)
Solving this equation for cos γ, we finally get
cos γ =
[
k3 cosh(α) cos(k) + k3 cos(k)− 2αk2 cosh(α) tanh
(α
2
)
sin(k)− 16αk2 sinh4
(α
2
)
cosh2
(α
2
)
csch3(α) sin(k)−
− 16α3 sinh4
(α
2
)
cosh2
(α
2
)
csch3(α) sin(k) + 3α2k cos(k)−
− α2k cosh(α) cos(k)
]
1
k(cosh(α) + 1) (α2 + k2)
.
(A6)
This function has been plotted in Fig. (3).
The case E < 0 case is analogous, the only difference be-
ing either the substitution of the trigonometric functions
with the corresponding hyperbolic ones or the assump-
tion of imaginary k.
For different l, we have to apply the operator A† l times,
as specified in (21), to the free particle eigenfunction
Eq.(35). So, for instance, for l = 2 we get:
ψ (x) = k2
[
B cos(kx) + C sin(kx)
]
+ 2α2 tanh2(αx)[
B cos(kx) + C sin(kx)
]− α2sech2(αx)(B cos(kx)+
+ C sin(kx))− 3αk tanh(αx)[C cos(kx)−B sin(kx)] . (A7)
Starting from this eigenfunction and following the pro-
cedure outlined above, we obtain:
f(k, α) ≡
{
k
(
2α2 + k2 + 3αk
)2
cosh
(
k − 5α
2
)
+
+ (5k − 12α) (2α2 + k2 + 3αk)2 cosh(k − 3α
2
)
+
+ (k − 2α)
{
2
(−15α2 + 5k2 − 4αk) (2α+ k)2 cosh(k − α
2
)
+
+ (k − 2α)
[
2
(−30α3 + 5k3 + 14αk2 − 7α2k) cosh(α
2
+ k
)
+
+ (k − α)2
(
(12α+ 5k) cosh
(
3α
2
+ k
)
+ k cosh
(
5α
2
+ k
))]}}
sech5
(
α
2
)
32 (k5 − 5α2k3 + 4α4k)
.
(A8)
This function is plotted in Fig.(5).
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